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We reveal that the p-wave superfluid can be realized in a mixture of fermionic and F=1 bosonic
gases. We derive a general set of the gap equations for gaps in the s- and p-channels. It is found that
the spin-spin bose-fermi interactions favor the p-wave pairing and naturally suppress the pairing in
the s-channel. The gap equations for the polar phase of p-wave superfluid fermions are numerically
solved. It is shown that a pure p-wave superfluid can be observed in a well-controlled environment
of atomic physics.
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I. INTRODUCTION
Experimental realisation of a fermionic p-wave super-
fluid is one of the important challenges in ultracold
atomic physics. If achieved in laboratory, it would mark
an important milestone in the development of hardware
for fault-tolerant quantum state manipulation [1]. In-
deed, vortex excitations in a two-dimensional chiral ver-
sion of such a condensate have been predicted [2] to ex-
hibit non-abelian braiding, which is the core underlying
principle of topologically protected quantum computa-
tion [3]. A few systems are already known today, which
are believed to exhibit chiral p-wave pairing. These in-
clude the ν = 5/2 incompressible quantum Hall fluid
[4], superfluid 3He at high pressure [5], and Strontium
ruthenate [6], and superconductor-topological insulator
hybrid structures [7]. These systems however are not
well suited for experimental realisation of quasiparticle
braiding, which is mainly due to the limited local control
of their parameters. Much hope is therefore devoted to
the much better controlled ultracold atomic gases.
First theoretical proposals for p-wave superfluidity in
a ultracold fermionic gas were based around the idea of
using Feshbach resonances in order to tune the p-wave
collision channel into the regime of attraction [8]. Unfor-
tunately, such resonant condensates were found to be ex-
tremely short lived due to three-body recombination and
other decay mechanisms [9–12]. Further theoretical work
explored alternative mechanisms of pairing, which would
be free of the disadvantages of a Feshbach resonance. A
number of interesting proposals have emerged such as
microwave dressed polar molecules [13], synthetic spin-
orbit coupling [14–17], the quantum Zeno effect [18], and
driven dissipation [19]. One important group of propos-
als rests on a traditional view that the nature of fermionic
pairing depends on the nature of the agent, which medi-
ates the attraction between fermions. In ultracold atomic
systems it is natural to choose a Bose condensate as such
a mediator. Possibility of a Cooper pairing in the p-
wave channel in a fermion-boson mixture was originally
discussed in [20], albeit in an artificially spin-polarised
system. More recent work explored pairing in a Fermi
gas embedded in a spinless Bose condensate [21, 22].
In two recent papers [23, 24] it was proposed that a
fermion-boson system in mixed dimensions may exhibit
an enhanced the p-wave pairing due to subtle correlation
effects hidden in higher-order perturbation theory.
Here we explore a fermion-boson mixture in which the
bosons form a polar spinor condensate. We derive the
effective action for the fermions and find that apart from
the usual BCS-type attraction excitations of the Bose
condensate mediate a new type of interaction which takes
the form of spin-dependent X-Y exchange. We demon-
strate that such an interaction between the fermions may
suppress pairing in the s-wave channel whilst favour-
ing the p-wave pairing channel. For a particular p-wave
phase we derive and solve the complete set of Eliashberg
equations determining the gap parameter and we explore
the dependence of the gap parameter on the tunable pa-
rameters of the mixture.
II. MODEL
Let us describe our model of a 3D spatially homoge-
neous mixture of electrically neutral bosonic atoms with
hyperspin F = 1 and spin- 12 fermionic atoms. We assume
that an external magnetic filed is absent. The second
quantized Hamiltonian of a mixture of dilute Fermi and
spinor Bose gases reads
Hˆ =
∫ [
HˆB(r) + HˆF (r) + HˆBF (r)
]
dr. (1)
The Hamiltonian density HˆB(r) describes interacting
F = 1 spinor bosonic atoms [25–27]
HˆB = − h¯
2
2MB
∑
m
Ψˆ†m∇2Ψˆm +
1
2
c0 : nˆ
2
B : +
1
2
c2 : Fˆ
2
:,
where the field operators Ψˆ(r) obey the bosonic comuta-
tion relations[
Ψˆm(r), Ψˆ
†
m′(r
′)
]
= δm,m′δ(r− r′)
2and : Aˆ : denotes normally ordered operator Aˆ. The j-th
component of the vector spin density operator for bosons
Fˆ equals
Fˆj =
∑
m,m′
Ψˆ†m(r) {Fj}m,m′ Ψˆm′(r),
where Fj are the 3× 3 matrices of the vector representa-
tion of the rotation group. Further,
c0 =
4πh¯2
3MB
(
a
(0)
B + 2a
(2)
B
)
, c2 =
4πh¯2
3MB
(
a
(2)
B − a(0)B
)
are symmetric and spin-dependent interaction constants,
respectively, a
(J)
B is the scattering length in the state with
spin J . We introduced also the number density nˆB(r) =∑
m Ψˆ
†
m(r)Ψˆm(r), m ∈ {−1, 0,+1} of the bosonic field.
It is known that the spin-1 BEC in the absence of an
external magnetic field has two phases: ferromagnetic
(c2 < 0) and polar (c2 > 0). We consider in this paper
the polar spinor Bose–Einstein condensate (BEC) of 23Na
atoms with a
(0)
B = 50.0, a
(2)
B = 55.0 (see e.g. [28]) in units
of the Bohr radius.
The fermion Hamiltonian density HˆF (r) is given by
HˆF (r) =
∑
ν
fˆ †ν
(
− h¯
2
2MF
∇2 − µ
)
fˆν +
1
2
gF : nˆ
2
F :, (2)
where µ is the fermion chemical potential, the fermion
field operators fˆ obey the anticommutation relations{
fˆν(r), fˆ
†
ν′(r
′)
}
= δν,ν′δ(r − r′).
Further, nˆF (r) =
∑
ν fˆ
†
ν (r)fˆν(r), ν ∈ {↑, ↓}, gF =
4πh¯2aF /MF is the coupling constant of the fermion
density-density interaction, and aF is the s-wave scat-
tering length.
The interactions between bosons and fermions in the
leading order in densities and spins are described in
Hamiltonian (1) by the term
HˆBF (r) = α
2
nˆBnˆF + β Sˆ · Fˆ, (3)
where α = 8πh¯2
(
2a
(1/2)
BF + a
(3/2)
BF
)
/(3MBF ), and β =
8πh¯2
(
a
(1/2)
BF − a(3/2)BF
)
/(3MBF ) are the density-density
and spin-spin bose-fermi interactions, respectively, a
(J)
BF
is the scattering length in the state with spin J , and
MBF = 2MBMF /(MB +MF ) is the reduced mass for a
boson of mass MB and a fermion of mass MF .
The spin density operator for fermions has a similar
form
Sˆj =
1
2
∑
ν,ν′
fˆ †ν (r) {σj}ν,ν′ fˆν′(r), (4)
where σˆj are the Pauli matrices for spin-
1
2 fermions.
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FIG. 1: Typical examples of the energy gap ∆ = ∆pdz in the
p-wave polar phase found numerically at different tempera-
tures (A: T = 0, B: T = 0.03TF , and C: T = 0.035TF ) for the
interaction constants α = β = 0.3 c0, nB = nF = 10
14 cm−3:
(a) The cross section of the energy gap |∆(kx, ky = 0, kz)|.
(b) The profile of the energy gap along the z-axis. The inset
presents the maximum of the energy gap as a function of tem-
perature. Note that the energy gap vanishes at the critical
temperature Tc.
In what follows we neglect the back reaction of the
fermion sector on the bose-condensate assuming that the
bose-fermi interactions are weak.
In our study, we consider different values of bosonic
density nB of
23Na at the fixed fermionic density
nF = 10
14 cm−3 of 40K atoms with the Fermi tem-
perature TF = EF /kB = 1248nK, where EF =
(3π2nF )
2/3h¯2/(2MF ) is the Fermi energy.
III. GAP EQUATIONS AND SOLUTIONS FOR
POLAR SUPERFLUID PHASE
Let us show that the effective fermion-fermion interac-
tion mediated by the interaction with F = 1 bosons may
give rise to the p-wave pairing between the fermions. Us-
ing Hamiltonian (1), we find that the fermion-boson in-
teractions lead to the following effective fermion action:
Seff = S0 + Sint, (5)
where
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FIG. 2: (a) The maximal energy gap as a function of temperature for α = 0.3c0 for different values of β indicated near
the curves. (b) The maximal energy gap at T = 0 as a function of (kF ξHL)
−1 at fixed α = 0.3c0 and nF = 10
14 cm −3 is
plotted for different values of β. (c) The critical temperature versus the interaction constants α and β connected with c0. The
concentrations of bosons and fermions in (a) and (c) are fixed as follows: nB = nF = 10
14 cm−3.
S0 =
∫
drdt
[∑
ν
f †ν
(
i
∂
∂t
+
h¯2
2MF
∇2 + µν
)
fν−
1
2
gF : n
2
F (r) :
]
. (6)
is the free fermion action and the interaction term equals
Sint = −
∑
k6=0
ǫknB
2
∫
dω
{ β2
E2
k,1 − (h¯ω)2
[σ+(k)σ−(−k)
+ σ−(k)σ+(−k)] + α
2
2(E2
k,0 − (h¯ω)2)
nF (k)nF (−k)
}
.
(7)
Here ǫk = h¯
2k2/(2MB), k = (ω,k), r = (t, r), Ω is sys-
tem’s volume,
σ± =
1
2
√
Ω
∫
eikrf †(r)(σx ± iσy)f(r)dr, (8)
and
Ek,0 =
√
ǫk(ǫk + 2c0nB), (9)
Ek,±1 =
√
ǫk(ǫk + 2c2nB) (10)
are the Bogolyubov dispersion relations of the Bose gas
excitations.
Using the effective action (5), we find the follow-
ing Dyson’s equations in the Matsubara formalism for
the fermion Green function G(k, ωn) and the anomalous
Gor‘kov function F (k, ωn):
(ih¯ωn − ξk)G(k, ωn) + ∆(k, ωn)F †(k, ωn) = h¯, (11)
(ih¯ωn + ξk)F
†(k, ωn) + ∆
†(k, ωn)G(k, ωn) = 0, (12)
where ξk = h¯
2k2/(2MF )−µ. Here ωn = kBT (2n+1)π/h¯
is the Matsubara fermion frequency. In addition, the gap
function ∆(k, ωn) neglecting the retardation effects, is
expressed through the Gor‘kov function as follows:
∆(k) = −kBT
h¯
∑
n′,k′ 6=0
[gF
Ω
F (k− k′, ωn′)−
g˜n(k
′, ωn′)F (k− k′, ωn − ωn′)
− g˜s(k′, ωn′)
∑
s=+,−
σˆsF (k− k′, ωn − ωn′)σˆs
]
, (13)
where
g˜n(k, ωn′) =
cn
E2
k,0 + (h¯ωn′)
2
, cn =
α2nBǫk
2Ω
,
g˜s(k, ωn′) =
cs
E2
k,1 + (h¯ωn′)
2
, cs =
β2nBǫk
Ω
.
An anzatz for the energy gap, which accounts for both
s- and p- wave channels, is given by
∆αβ(k) = ∆p(iσσy)αβd(k) + ∆s(iσy)αβ , (14)
where ∆p and ∆s are real functions of |k|. As is well
known, the order parameter of the p-wave phase is pro-
portional to vector d whose form and symmetries deter-
minate the superfluid phase.
It is straightforward now to obtain the set of gap equa-
tions for ∆s and ∆p using the standard procedure (see
Appendix). There is, in principle, many solutions to the
gap equations. We follow in our analysis the well known
classification of the 3He phases [29] defined by the form
of vector d. In the present work, we restrict our consid-
eration to the polar phase with d ∼ (0, 0, kz), which cor-
responds to one of the simplest solutions of the gap equa-
tions. It turns out that the s-wave superfluidity can be
suppressed by spin-induced interactions (see Appendix),
thus, we assume for simplicity that ∆s = 0 and ∆p 6= 0.
4Then the gap equation in the polar phase reads
∆ =
=
∑
k′ 6=0
{
cn
(
W0
2E
tanh
E
2kBT
+
Z0
2Ek,0
tanh
Ek,0
2kBT
)
+
+ cs
(
W1
2E
tanh
E
2kBT
+
Z1
2Ek,1
tanh
Ek,1
2kBT
)}
×
×∆(k − k′), (15)
where ∆(|k|) = |dz |∆p(|k|),
Wi =
E2
k,i − E2 + h¯2ω20
(E2
k,i − E2)2 + 2h¯2ω20(E2k,i + E2 + h¯
2ω2
0
2 )
,
Zi =
E2 − E2
k,i + h¯
2ω20
(E2
k,i − E2)2 + 2h¯2ω20(E2k,i + E2 + h¯
2ω2
0
2 )
,
with ω0 = kBTπ/h¯, and E =
√
ξk +∆2.
Let us discuss the numerical solutions of Eq. (15)
obtained by using a stabilized iterative procedure [30].
Since the function ∆ has an axial symmetry, it suffices
to consider a cross section of its energy gap at ky = 0.
Figure 1 presents typical examples of this cross section
at fixed temperature and interaction constants α and β.
It is seen from Fig. 1 that the maximum of the energy
gap is localized near the points (0, 0,±kF ), and the max-
imal energy gap monotonically decreases as temperature
increases [see the inset in Fig. 1 (b) and Fig. 2 (a)].
The energy gap in the p-phase vanishes at some critical
temperature Tc. We investigated the dependence of the
critical temperature Tc on the ratios α/c0 and β/c0 of
boson-fermion interactions to the strength of the boson-
boson interaction c0 [see Fig. 2 (c)]. According to Fig.
2 (c), the critical temperature Tc can be significantly in-
creased through an interplay of the density-density and
spin-spin interactions between fermions and spinor BEC.
The energy gap is a function of interaction constants
α, β, c0, c2 and densities of the Bose- and Fermi-gases.
Figure 2 (b) illustrates how the energy gap is affected
by variation of the Bose-gas density. The non-trivial de-
pendence of the maximal gap ∆p on (kF ξHL)
−1, where
ξHL = 1/
√
(8πnB(a
(0)
B + 2a
(2)
B )/3, at T = 0 comes from
the Bogolyubov dispersion relations (9) and (10) of the
Bose gas. Such a dependence should be taken into ac-
count in the experimental observation of the p-wave su-
perfluid state.
IV. CONCLUSIONS
We showed that a mixture of dilute ultracold F =
1 spinor atomic BEC and fermionic atoms provides a
promising platform for the realization of the p-wave su-
perfluid state in three dimensions. Such a mixture makes
possible to avoid the problem of three-body inelastic col-
lisional loss in a single-component ultracold Fermi gas,
where the Feshbach resonance is used to enhance the p-
wave cross section to values larger than the s-wave cross
section. We derived a general set of the gap equations
for the energy gaps in the s- and p-channels. It is found
that the spin-induced interactions in a mixture of F = 1
spinor atomic BEC and fermionic atoms naturally sup-
press the s-wave pairing. At the same time the p-wave
pairing is driven not only by density-induced interaction,
but also by spin-induced interactions and it emerges even
for repulsive interaction between fermions.
We studied the simplest case of the p-wave triplet pair-
ing defined by the polar phase with d = (0, 0, kz). For
the case of dilute Fermi 40K and Bose 23Na atomic gases,
we found numerically the solution to the gap equations
of the polar phase with the vanishing s-wave order pa-
rameter ∆s = 0. While the dependence of the maximal
value of the gap on temperature is a monotonically de-
creasing function, its dependence on the density of bosons
nB is non-monotonous for sufficiently small values of the
spin-spin bose-fermi interaction β. Such a dependence
comes from the corresponding non-trivial dependence of
the Bogolyubov dispersion relations on nB.
We hope that the results presented in this paper will
stimulate experiments to observe the p-wave superfluid
in a mixture of ultracold Fermi and spinor Bose gases.
Moreover, the study of the p-wave superfluidity in a well-
controlled environment of atomic physics could help to
elucidate the properties of topologically non-trivial su-
perfluids.
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Appendix. General gap equations
Using anzatz (14) we rewrite Eqs. (11) and (12) as
Gαβ(k, ωn) = −h¯(ih¯ωn + ξk)×
× (h¯
2ω2n + ξ
2
k
+∆2)δαβ −∆2Mσαβ
(h¯2ω2n + E
2
+)(h¯
2ω2n + E
2
−)
, (16)
5Fαβ(k, ωn) = h¯∆p(σiσy)αβ×
× (h¯
2ω2n + ξ
2
k
+∆2)d− i∆2[M× d]
(h¯2ω2n + E
2
+)(h¯
2ω2n + E
2
−)
+
+ h¯∆s
(h¯2ω2n + ξ
2
k
+∆2 − 2∆2p(Re[d] · d))iσy,αβ
(h¯2ω2n + E
2
+)(h¯
2ω2n + E
2
−)
+
+ h¯∆s
∆2(σiσy)αβM
(h¯2ω2n + E
2
+)(h¯
2ω2n + E
2
−)
, (17)
where
∆2 = ∆2p|d|2 +∆2s,
m(k) = i[d(k)× d∗(k)],
M =
∆2pm+ 2∆p∆sRe[d]
∆2
,
E± =
√
ξ2
k
+∆2(1± |M |).
The general gap equations read
dx(k)∆p(k, ωk) = kBT×
×
∑
n,k′ 6=0
g˜n(k
′, ωk − ωn)∆p(k− k′, ωn)υx(k − k′, ωn),
(18)
dy(k)∆p(k, ωk) = kBT×
×
∑
n,k′ 6=0
g˜n(k
′, ωk − ωn)∆p(k− k′, ωn)υy(k − k′, ωn),
(19)
dz(k)∆p(k, ωk) = kBT×
×
∑
n,k′ 6=0
(g˜n(k
′, ωk − ωn) + g˜s(k′, ωk − ωn))×
×∆p(k− k′, ωn)υz(k− k′, ωn), (20)
∆s(k, ωk) = kBT×
×
∑
n,k′ 6=0
(
−gF
Ω
+ g˜n(k
′, ωk − ωn)− g˜s(k′, ωk − ωn)
)
×
×∆s(k− k′, ωn)ε(k− k′, ωn), (21)
where
υ(k,∆p,∆s) =
1
(h¯2ω2n + E
2
+(k))(h¯
2ω2n + E
2
−(k))
×
×
{
(h¯2ω2n + ξ
2
k
+∆2(k))d(k)− i∆2p(k)[m(k)× d(k)]+
+ 2∆s(k)∆p(k)m(k) + 2∆
2
s(k)Re[d(k)]
}
, (22)
ε(k,∆p,∆s) =
1
(h¯2ω2n + E
2
+(k))(h¯
2ω2n + E
2
−(k))
×
×
{
h¯2ω2n + ξ
2
k +∆
2(k)− 2∆2p(k)(Re[d(k)] · d(k))
}
(23)
m(k) = i[d(k)× d∗(k)],
∆2(k) = ∆2p(k)|d(k)|2 +∆2s(k),
E±(k) =
√
ξ2
k
+∆2(k)±∆2p(k)
∣∣∣∣m(k) + 2∆s(k)∆p(k)Re[d(k)]
∣∣∣∣.
The derived gap equations as it must be in the limiting
case of vanishing bose-fermionic coupling (α→ 0, β → 0)
yield the standard BCS solution for attractive interac-
tions in the fermionic sector (gF < 0). For β = α = 0
and d = 0, the gap equations in the limit T → 0 take
the form
∆ = − ∆gF
2(2π)3
∫
dk√
ξ2 +∆2
= −∆gFMF pF
2π2h¯3
ln
h¯ωF
∆
,
where h¯ωF is the cut-off energy of fermions (the
analougue of the Debye energy). For gF > 0, the only
possible solution is ∆ = 0. However, if gF < 0, we obtain
the well known BCS-type result
∆ = h¯ωF e
− 1
ζ ,
where ζ = |gF |MF p0
2pi2h¯3
.
For a repulsive fermion-fermion interaction (gF ≥ 0),
the electron-electron pairing is possible only because of
the effective interaction induced by Bogoluibov excita-
tions in the bosonic sector. As expected the density-
density bose-fermi interaction (the term proportional to
α2 in Eq. (21)) produces effective attractive interactions
in the s-wave channel. At the same time the spin-spin
bose-fermi interactions (the term proportional to β2 in
Eq. (21)) lead to an additional repulsive interaction for
the s-wave channel. Thus, in a sharp contrast with the
s-wave superfluidity, for the p-wave superfluidity, both
the spin-spin and density-density bose-fermi interactions
lead to an effective attraction that results in the realiza-
tion of the p-wave superfluid.
In the present work we consider solutions of the gap
equations for the case ∆s = 0 and ∆p 6= 0 since the s-
wave channel can be eliminated by tuning the interaction
parameters both for gF < 0 and for gF > 0. Furthermore,
for gF > 0 it is easy to verify that while the p-wave
pairing is readily accessible, the s-wave pairing could be
realized only if g˜n is sufficiently large. The gap equations
for the s-wave channel imply the following estimation of
the interaction kernel:
− gF
Ω
+ g˜n(k
′, ωk − ωn)− g˜s(k′, ωk − ωn)
≤ −gF
Ω
+ g˜n(k
′, ωk − ωn) ≤ −gF
Ω
+
α2
4ΩnBc0
. (24)
Therefore s-wave channel is essentially suppressed while
p-wave channel is favoured in the systems with repulsive
(gF > 0) fermion-fermion interactions.
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